Let p43 be a prime, and N p ð f ðxÞÞ denote the number of solutions of the congruence f ðxÞ 0 ðmod pÞ: In this paper, using the third-order recurring sequences we determine the values of N p ðx 3 þ a 1 x 2 þ a 2 x þ a 3 Þ and N p ðx 4 þ ax 2 þ bx þ cÞ; and construct the solutions of the corresponding congruences, where a 1 ; a 2 ; a 3 ; a; b; c are integers. r
Introduction
Let p be a prime greater than 3, and let Z be the set of integers. In this paper we study the general cubic congruence x 3 þ a 1 x 2 þ a 2 x þ a 3 0 ðmod pÞ and the quartic congruence x 4 þ ax 2 þ bx þ c 0 ðmod pÞ; where a 1 ; a 2 ; a 3 ; a; b; cAZ:
Denote the number of solutions of the congruence f ðxÞ 0 ðmod pÞ by N p ð f ðxÞÞ: Let ð 3 þ 18a 1 a 2 a 3 be the discriminant of the cubic polynomial x 3 þ a 1 x 2 þ a 2 x þ a 3 (cf. [17] ). According to Stickelberger [5, 14] , Dickson [6] and Skolem [9, 11] we have 
In 1992 Spearman and Williams [12, 13] revealed the connection between cubic congruences and binary quadratic forms. They established the following result. Theorem 1.3. Let a 1 ; a 2 ; a 3 be integers such that x 3 þ a 1 x 2 þ a 2 x þ a 3 is irreducible over the field of rational numbers and has a non-square discriminant D: Let HðDÞ denote the form class group of classes of primitive, integral binary quadratic forms of discriminant D: Then there is a unique subgroup Jða 1 ; a 2 ; a 3 Þ of index 3 in HðDÞ such that if p is any prime 43 with ð From the above we know that solving cubic and quartic congruences has a long history. For more results along this line one may consult [1] [2] [3] 7, 18, 19] .
For integers a 1 ; a 2 ; a 3 let fu n g and fs n g be the third-order recurring sequences defined by u À2 ¼ u À1 ¼ 0; u 0 ¼ 1; u nþ3 þ a 1 u nþ2 þ a 2 u nþ1 þ a 3 u n ¼ 0 ðnX À 2Þ and s 0 ¼ 3; s 1 ¼ Àa 1 ; s 2 ¼ a 2 1 À 2a 2 ; s nþ3 þ a 1 s nþ2 þ a 2 s nþ1 þ a 3 s n ¼ 0 ðnX0Þ:
In the paper we mainly determine the values of s pþ1 ; s pþ2 ; u pÀ2 ; u pÀ1 ; u p modulo p: As applications, we introduce new types of pseudoprimes, obtain the formulas for N p ðx 3 þ a 1 x 2 þ a 2 x þ a 3 Þ and N p ðx 4 þ ax 2 þ bx þ cÞ; and construct the solutions of cubic and quartic congruences in terms of fs n g as well. As examples we have the following typical results on cubic and quartic congruences.
(1.5) Let p43 be a prime, a; b; cAZ; Dða; b; cÞ ¼ Àð4a 3 þ 27b 2 Þb 2 þ 16cða 4 þ 9ab 2 À 8a 2 c þ 16c 2 Þ and p[bDða; b; cÞ: Then
where y runs over the solutions of the congruence y 3 þ 2ay 2 þ ða 2 À 4cÞy À b 2 0 ðmod pÞ:
We remark that (1.1) and (1.2) are better than Cauchy's result since we do not need to compute the Legendre symbol ð D p Þ: The proofs of (1.1) and (1.2) are based on [15] , and the proofs of (1.3)-(1.5) depend on (1.2). (1.5) is the basic result for quartic congruences, which improves Skolem's result (see [7, 10] ). Although the methods used are elementary, our results seem simple and useful, and are not easy consequences of Galois' theory. For example, using Galois' theory we do not know why (1.3) is true.
Throughout this paper we use the following notations: ½x-the greatest integer not exceeding x; ð x p Þ-the Legendre symbol, N p ð f ðxÞÞ-the number of solutions of the congruence f ðxÞ 0 ðmod pÞ; C 0 ð pÞ; C 1 ð p Þ; C 2 ð p Þ-the sets defined by Sun [ 
Connections between Lucas sequences and cubic congruences
For a; bAZ the Lucas sequences fu n ða; bÞg and fv n ða; bÞg are defined by u 0 ða; bÞ ¼ 0; u 1 ða; bÞ ¼ 1 and u nþ1 ða; bÞ ¼ bu n ða; bÞ À au nÀ1 ða; bÞðnX1Þ ð2:1Þ and v 0 ða; bÞ ¼ 2; v 1 ða; bÞ ¼ b and v nþ1 ða; bÞ ¼ bv n ða; bÞ À av nÀ1 ða; bÞðnX1Þ: ð2:2Þ
It is well known that u n ða; bÞ ¼ 1 ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi 
This proves (i). Now consider (ii). One can easily check that
Thus applying (2.4) we see that À 3ax À ab 0 ðmod pÞ has a solution x x 0 ðmod pÞ; then clearly x 0 c0; Àb=2; Àb=3 ðmod pÞ and
Observing that
ðmod pÞ we obtain ðmod pÞ:
Proof. Let x 1 ; x 2 and x 3 be the three roots of the equation 
Since y 1 ; y 2 and y 3 are algebraic integers we see that
Hence, for i ¼ 1; 2; 3 we have Observing that
by the above we get
1 Þ ðmod pÞ and so
1 Þ ðmod pÞ:
From the theory of cubic equations we know that ffiffi t 
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and s pþ2 1 27
ðmod pÞ:
are the roots of the equation x 6 À bx 3 þ a ¼ 0; we see that they are all algebraic integers. Hence,
Observing that ffiffiffiffi ffi tu
by the above we obtain
ða; bÞ ðmod pÞ
ða; bÞ ðmod pÞ:
ða; bÞ ðmod pÞ and so s pþ2 1 27
This completes the proof. &
Now we can prove
Theorem 3.1. Let p43 be a prime, a 1 ; a 2 ; a 3 AZ; a ¼ ða 
for nX0: Since x 1 ; x 2 ; x 3 are all algebraic integers and
This proves (i). 
ða; bÞ
If p j a; then v n ða; bÞ b n ðmod pÞ by (2.3). Since ð 
So the claim is also true when p j a: Now, by the claim and Lemma 3.1 we have
ða; bÞÞ
On the other hand, if p[a; it follows from Lemma 2.2 that
This is also true when p j a since p 2 ðmod 3Þ: So, by Lemma 3.1 and the above we get s pþ2
This proves (ii). 
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ðnoting that p j b when p j aÞ: Proof
Then clearly
one can easily verify the following facts: Here we make some comments on new types of pseudoprimes. For each type of the above pseudoprimes, do there exist infinitely many such pseudoprimes? From the search result we see that each type of the above pseudoprimes should be very rare, and more less than Carmichael numbers or Lucas pseudoprimes (there are 16 Carmichael numbers and 25 Lucas pseudoprimes below 10 5 ). Another observation is that many of the above pseudoprimes are of the form q 2 ; where q is an odd prime. Is this true? How to interpret it?
Now we introduce another type of pseudoprimes.
Definition 3.3. Let m; a 1 ; a 2 ; y; a m be integers, and let fs n g be given by
If p is an odd composite number such that s p Àa 1 ðmod pÞ; we say that p is a s p pseudoprime with parameters a 1 ; a 2 ; y; a m ; or say that p is a s p ða 1 ; y; a m Þ pseudoprime.
: Since x 1 ; x 2 ; y; x m are all algebraic integers, using Fermat's little theorem we see that if p is a prime, then
Clearly sða 1 ; y; a m Þ pseudoprimes include pseudoprimes to base a and Lucas pseudoprimes. For given integers a 1 ; y; a m we conjecture that there are infinitely many sða 1 ; y; a m Þ pseudoprimes.
The cubic congruence
When p43 is a prime such that p [D; it follows from Lemma 2.3 that
This is a well-known result mentioned in Section 1.
Lemma 4.1. Let p43 be a prime, a 1 ; a 2 ; a 3 AZ; and D ¼ a ( are the three solutions of the congruence x 3 þ a 1 x 2 þ a 2 x þ a 3 0 ðmod pÞ:
If p j a 2 1 À 3a 2 ; then p j a and so p j b: Hence, by (2.8) we get
ðx þ a 1 =3Þ 3 ðmod pÞ: So the result holds in this case.
If p[a 2 1 À 3a 2 ; clearly X 3 À 3aX À ab 0 ðmod pÞ has the three solutions X b; Àb=2; Àb=2 ðmod pÞ: So, using Lemma 2.3(ii) we see that 
On the other hand, we have b=ð3dÞAC 0 ð pÞ since 0AC 0 ð pÞ: So the result is true when p j b:
Now assume p[b: Clearly ðÀ9dÞ 2 81D ¼ À3ðb 2 À 4aÞ ðmod pÞ: So, using Theorem 4.1 of [15] we find that 
Thus, 
where D ¼ a 
then the unique solution of the congruence
ðmod pÞ: This together with the fact that x 1 þ x 2 Àa 1 À x 0 ðmod pÞ yields are the three solutions of the congruence x 3 þ a 1 x 2 þ a 2 x þ a 3 0 ðmod pÞ:
We remark that Theorem 4.5 can also be deduced from the theory of cubic equations.
The quartic congruence x
4 þ ax 2 þ bx þ c 0 ðmod pÞ Let p be an odd prime. In the section we discuss the general quartic congruence x 4 þ ax 2 þ bx þ c 0 ðmod pÞ:
